The present paper investigates a kind of generalization of the duality between Riemannian symmetric pairs of compact type and those of non-compact typeà laÉ. Cartan to noncompact pseudo-Riemannian semisimple symmetric pairs. The main result of this paper is to construct an explicit description of a one-to-one correspondence between non-compact pseudo-Riemannian semisimple symmetric pairs and commutative compact semisimple symmetric triads, which is called the duality theorem. Further, we develop a general theory of the duality theorem. This can be applied to giving an alternative proof of Berger's classification of non-compact pseudo-Riemannian symmetric pairs and to orbit geometry of Hermann type actions, which will be explained in the forthcoming papers [2] and [3] .
In Riemannian geometry, it is a well-known fact due toÉ. Cartan that there is a one-to-one correspondence between the set of noncompact Riemannian symmetric spaces and the set of locally isomorphism classes of compact Riemannian symmetric spaces. This means that there exists a one-to-one correspondence between the set of Riemannian symmetric pairs of non-compact type and that of compact type on the Lie algebra level. This correspondence is usually called the duality for Riemannian symmetric pairs. Our main object of this paper is a kind of generalizations of the duality to non-compact semisimple symmetric pairs and commutative compact semisimple symmetric triads. We begin with a quick review on the definition of non-compact semisimple symmetric pairs and that of commutative compact semisimple symmetric triads. A non-compact semisimple symmetric pair is a pair (g 0 , σ) which consists of a non-compact real semisimple Lie algebra g 0 and an automorphism σ on g 0 satisfying σ 2 = id, that is, an involutive automorphism. If σ coincides with a Cartan involution θ of g 0 , the pair (g 0 , θ) is usually said to be a non-compact Riemannian symmetric pair. On the other hand, a commutative compact semisimple symmetric triad is a triplet (g, θ 1 , θ 2 ) with a compact semisimple Lie algebra g and two involutive automorphisms θ 1 , θ 2 on g satisfying θ 1 θ 2 = θ 2 θ 1 . Clearly, (g, θ, θ) is a commutative compact semisimple symmetric triad for any involutive automorphism θ, and it seems to be a compact Riemannian symmetric pair (g, θ).
The present paper provides an explicit description of a one-to-one correspondence between the set of equivalence classes in non-compact semisimple symmetric pairs and the set of equivalence classes in commutative compact semisimple symmetric triads (Theorem 3.6). We shall say that this correspondence is the duality theorem. If (g 0 , σ) corresponds to (g, θ 1 , θ 2 ) via our duality theorem, we shall call (g, θ 1 , θ 2 ) (resp. (g 0 , σ)) the dual of (g 0 , σ) (resp. (g, θ 1 , θ 2 )) and use the notation (g, θ 1 , θ 2 ) = (g 0 , σ) * and (g 0 , σ) = (g, θ 1 , θ 2 ) * (see Notation 3.7) .
Our duality theorem might be a natural generalization of the duality for Riemannian symmetric pairs. Namely, when σ is a Cartan involution θ of g 0 , the corresponding commutative compact semisimple symmetric triad is (g, θ, θ) and then essentially the same as a compact Riemannian symmetric pair (g, θ). Our perspective is explained in Section 3.5.
We would emphasize that our duality theorem also gives the correspondence between some properties of non-compact semisimple symmetric pairs and some properties of commutative compact semisimple symmetric triads. Let us see briefly what properties correspond via the duality theorem.
First, there is a notion of the associated symmetric pair (g 0 , σ) a (Definition 2.4) and the dual symmetric pair (g 0 , σ) d (Definition 2.7) of a non-compact semisimple symmetric pair (g 0 , σ), whereas, there is a notion of the associated symmetric triad (g, θ 1 , θ 2 ) a (Definition 2.12) and the dual symmetric triad (g, θ 1 , θ 2 ) d (Definition 2.13) of a commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ). Then, our duality theorem satisfies the compatible conditions on these notions in the sense of Propositions 3.11 and 3.12. For example, the dual of (g 0 , σ) a , denoted by (g 0 , σ) a * , equals the associated symmetric triad of (g 0 , σ) * , denoted by (g 0 , σ) * a .
Second, our duality theorem preserves the property of irreducibility, namely, an irreducible non-compact semisimple symmetric pair (Definition 4.1) corresponds to an irreducible commutative compact semisimple symmetric triad (Definition 4.9) and vice versa (see Theorem 4.16) . Further, we can specify the 'type' of an irreducible (g 0 , σ) by the 'type' of the dual (g, θ 1 , θ 2 ) = (g 0 , σ) * and vise versa (see Proposition 4.17 and Theorem 4.18) . Here, our definition for (g 0 , σ) to be irreducible might be different from the definition given by [20, p.435] . The properness of our definition and the comparison of two definitions are explained in Section 5 as an appendix.
Third, we provide a new characterization for a non-compact semisimple symmetric pair (g 0 , σ) to be of type K ε (see [13, Proposition 2.1] , also Definition 4.32) by the corresponding commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ) = (g 0 , σ) * via our duality theorem, namely, θ 1 is conjugate to θ 2 by inner automorphisms (see Theorem 4.44) .
One of our interests concerning applications of our duality theorem is to understand Berger's classification of non-compact pseudo-Riemannian semisimple symmetric pairs from the viewpoint of the classification of compact semisimple symmetric triads. Indeed, we have developed the classification theorem of commutative compact semisimple symmetric triads and given an alternative proof of Berger's classification via the duality theorem. Our detailed proof will be offered in the forthcoming paper [2] . Here, the table of each correspondence is refered to [1, Table 1 ]. We can find another approach to Berger's classification by Helminck ([10] ), but in a completely different way.
Originally, the motivation of the study on the duality theorem is to investigate geometric structures of orbits under the setting of maximal compact group actions on non-compact pseudo-Riemannian semisimple symmetric spaces, called 'Hermann type actions'. In case of compact semisimple symmetric spaces, there is literature on the study of geometric structures of orbits in Hermann actions (cf. [8, 11] and references therein). Using our duality theorem, we give a correspondence between orbits in Hermann type actions (non-compact setting) and orbits in Hermann actions (compact setting), and this helps us to find geometric structures of orbits in Hermann type actions. Indeed, some of them have been illustrated in [1, Proposition 2] and [12] . In the future paper [3] , we will discuss various geometric structures in both Hermann actions and Hermann type actions. Kollross ([16] ) also used duality in the study of a certain class of isometric actions on Riemannian symmetric spaces for another motivation.
Based on the above background, the purpose of this paper is to develop a general theory of the duality theorem between non-compact semisimple symmetric pairs and commutative compact semisimple symmetric triads.
Preliminaries
This section provides a quick review on non-compact semisimple symmetric pairs and commutative compact semisimple symmetric triads. We refer to the references [4, 5, 11] , for example.
2.1. Pseudo-Riemannian semisimple symmetric pair. We begin with a summary on non-compact semisimple symmetric pairs. Let g 0 be a non-compact real semisimple Lie algebra. Suppose we are given an involutive automorphism (involution, for short) σ on g 0 . The pair (g 0 , σ) is called a non-compact semisimple symmetric pair. We denote by g σ 0 := {X ∈ g 0 : σ(X) = X} the fixed point set of σ in g 0 . Then, g σ 0 is a subalgebra of g 0 . We note that g σ 0 is a maximal compact subalgebra if and only if σ is a Cartan involution of g 0 . In this paper, we say that a non-compact semisimple symmetric pair (g 0 , σ) is Riemannian if σ is a Cartan involution of g 0 , and pseudo-Riemannian semisimple symmetric pair if not. The terminology of non-compact (pseudo-)Riemannian semisimple symmetric pairs comes from the corresponding (pseudo-)Riemannian symmetric spaces in the sense as follows. Let G be a non-compact connected real semisimple Lie group with finite center whose Lie algebra is g 0 . For a Cartan involution θ of G, the fixed point set K = G θ := {g ∈ G : θ(g) = g} is a maximal compact subgroup of G ([9, Chap. VI, Theorem 1.1]), and then G/K has a structure of a Riemannian symmetric space of non-compact type. On the other hand, for a non-trivial involution σ which is different from Cartan involutions of G, the fixed point set H := G σ is non-compact. Then, G/H has a structure of a pseudo-Riemannian symmetric space.
We introduce an equivalence relation on non-compact semisimple symmetric pairs as follows. Two non-compact semisimple symmetric pairs (g 0 , σ),
Non-compact semisimple symmetric pairs are classified by Berger [4] up to the equivalence relation.
2.2.
Pseudo-Riemannian semisimple symmetric pair equipped with Cartan involution. Let (g 0 , σ) be a non-compact semisimple symmetric pair. It is known by [4] that there exists a Cartan involution θ of g 0 commuting with σ (cf. [14, Theorem 6.16] ). Definition 2.1. We call such a triplet (g 0 , σ; θ) a non-compact semisimple symmetric pair equipped with a Cartan involution, and say that it is Riemannian (resp. pseudo-Riemannian) if (g 0 , σ) is Riemannian (resp. pseudo-Riemannian).
Two non-compact semisimple symmetric pairs equipped with Cartan involutions (g 0 , σ; θ),
. Given a non-compact semisimple symmetric pair equipped with a Cartan involution, we can construct other ones, namely, the associated and the dual non-compact semisimple symmetric pairs equipped with Cartan involutions of it, whose notions are based on thoseà la Berger [4] (see also [20, Definition 1.3] ).
Let (g 0 , σ; θ) be a non-compact semisimple symmetric pair equipped with a Cartan involution. We set k 0 := g θ 0 and p 0 := g −θ 0 . Then, g 0 = k 0 + p 0 is the corresponding Cartan decomposition. Similarly, we put h 0 := g σ 0 and q 0 := g −σ 0 . Then, g 0 = h 0 + q 0 is the σ-eigenspace decomposition. As θσ = σθ, the Lie algebra g 0 is decomposed into the direct sum as follows:
The commutativity θσ = σθ gives rise to another involution θσ on g 0 . Clearly, θσ commutes with θ, from which we obtain another noncompact semisimple symmetric pair equipped with a Cartan involution (g 0 , θσ; θ).
Cartan involutions of g 0 commuting with σ are unique up to conjugations in the sense as follows. 17, p.153] ). For any two Cartan involutions θ, θ ′ of g 0 commuting with σ, there exists X ∈ g σ 0 such that θ ′ = e ad X θe − ad X . Then, two involutions θσ and θ ′ σ are conjugate in the following sense:
Retain the setting of Fact 2.2. Then, we have σe ad X = e ad X σ and (θ ′ σ)e ad X = e ad X (θσ).
Proof. As σ(X) = X, we have (ad X)σ(Y ) = σ(ad X)Y for any Y ∈ g 0 . This means (ad X)σ = σ(ad X).
Let us observe the one-parameter transformation group {σe t ad X σ −1 : t ∈ R}. Since the following relation holds:
we obtain σe t ad X σ −1 = e t ad X . (2.1)
In particular, σe ad X = e ad X σ. Hence, we obtain (θ ′ σ)e ad X = θ ′ e ad X σ = e ad X (θσ). Therefore, Lemma 2.3 has been proved. Lemma 2.3 explains that (g 0 , σ; θ) ≡ (g 0 , σ; θ ′ ) and (g 0 , θσ; θ) ≡ (g 0 , θ ′ σ; θ ′ ) for any Cartan involutions θ, θ ′ of g 0 commuting with σ by the automorphism g 0 → g 0 , Y → e ad X Y . Definition 2.4 (cf. [4] ). The triplet (g 0 , θσ; θ) is called the associated symmetric pair equipped with a Cartan involution of (g 0 , σ; θ). If (g 0 , θσ; θ) ≡ (g 0 , σ; θ), then (g 0 , σ; θ) is said to be self-associated.
In this context, we write (g 0 , σ; θ) a := (g 0 , θσ; θ).
We take a Lie algebra isomorphism ϕ : g 0 → g ′ 0 such that ϕσ = σ ′ ϕ and ϕθ = θ ′ ϕ. Then, we have ϕ(θσ) = θ ′ ϕσ = (θ ′ σ ′ )ϕ. This implies (g 0 , θσ; θ) ≡ (g ′ 0 , θ ′ σ ′ ; θ ′ ).
Let g C = g 0 + √ −1g 0 be the complexification of g 0 . Then, g C is a complex semisimple Lie algebra and its subalgebra
is a compact real form of g C . We denote by µ the complex conjugation of g C with respect to g. We extend θ and σ to C-linear involutions on g C which we use the same letters θ and σ to denote, respectively. Clearly, µ commutes with σ, which gives rise to another involution µσ on g C . Then, µσ is anti-linear because µ is anti-linear and σ is C-linear. Hence, we obtain a new real form of g C as follows:
This g µσ C is a non-compact real semisimple Lie algebra if σ is not the identity map. The restriction of θ to g µσ C defines an involution on g µσ C . We remark that the subalgebra
is a maximal compact subalgebra of g µσ C . Lemma 2.6. The restriction of σ to g µσ C becomes a Cartan involution of g µσ C . In particular, we obtain (g µσ C ) σ = k d 0 . Lemma 2.6 implies a new non-compact semisimple symmetric pair equipped with a Cartan involution (g µσ C , θ; σ). For another Cartan involution θ ′ of g 0 commuting with σ, let µ ′ be the complex conjugation of g C with respect to g ′ := g θ ′ 0 + √ −1g −θ ′ 0 . Then, we obtain a non-compact semisimple symmetric pair equipped with a Cartan involution (g µ ′ σ C , θ ′ ; σ). It follows from Fact 2.2 that θ ′ = e ad X θe − ad X for some X ∈ g σ 0 . Then, e − ad X defines an isomorphism from g θ ′ 0 to g θ 0 and that from g −θ ′ 0 to g −θ 0 . Moreover, Lemma 2.3 implies that e − ad X becomes automorphisms on both g σ 0 and g −σ 0 . Hence, g µ ′ σ C is isomorphic to g µσ C via e − ad X and then (g µ ′ σ C , θ ′ ; σ) ≡ (g µσ C , θ; σ). Definition 2.7 (cf. [4] ). The triplet (g µσ C , θ; σ) is called the dual symmetric pair equipped with a Cartan involution of (g 0 , σ; θ). Further, (g 0 , σ; θ) is said to be self-dual if (g µσ C , θ; σ) ≡ (g 0 , σ; θ) holds. Hereafter, we write g d 0 := g µσ C and (g 0 , σ; θ) d := (g d 0 , θ; σ).
0 be a Lie algebra isomorphism such that ϕσ = σ ′ ϕ and ϕθ = θ ′ ϕ. We extend ϕ to a C-linear isomorphism from
Let µ be the complex conjugation of g C with respect to g := g θ 0 + √ −1g −θ 0 and µ ′ be that of g ′ C with respect to g ′ :
. Now, let us give some examples of non-compact semisimple symmetric pairs equipped with Cartan involutions. In the following, we will use the notation as follows. Let I m be the unit matrix of degree m and
For positive integers m, n, we write
Example 2.9. For positive integers p, q, let (g 0 , σ) be a non-compact semisimple symmetric pair as g 0 = so(2p, 2q) :
Here, t X denotes the transposed matrix of X.
The non-compact real simple Lie algebra so(2p, 2q) is of the form
where so(m) := {X ∈ M(m, R) : t X = −X} is a compact Lie algebra. In this case, the fixed point set g σ 0 is given by
We take an involution θ on g 0 as θ(X) = I 2p,2q XI 2p,2q (X ∈ g 0 ). Then, the fixed point set g θ 0 is of the form
This implies that g θ 0 = so(2p)+so(2q) is a maximal compact subalgebra of g 0 , and then θ is a Cartan involution of g 0 . As I 2p,2q J p,q = J p,q I 2p,2q , the Cartan involution θ commutes with σ. Hence, (g 0 , σ; θ) is a noncompact semisimple symmetric pair equipped with a Cartan involution.
The next example uses the matrix J ′ 2p defined by
Example 2.10. Let p be a positive integer. We set g 0 := so(2p, 2p) and an involution σ on g 0 as σ(X) = J ′ 2p XJ ′ 2p (X ∈ g 0 ). Under the realization of so(2p, 2p) as in (2.10), the fixed point set g σ 0 forms
This is isomorphic to gl(2p, R) by Lie algebra isomorphism
We take an involution θ on g 0 as θ(X) = I 2p,2p XI 2p,2p (X ∈ g 0 ). Then, θ is a Cartan involution of g 0 and (g 0 , σ; θ) is a non-compact semisimple symmetric pair equipped with a Cartan involution.
Here, let us compare the non-compact semisimple symmetric pair equipped with a Cartan involution (g 0 , σ 1 ; θ) discussed in Example 2.9 in case of p = q with (g 0 , σ 2 ; θ) in Example 2.10. Namely, g 0 = so(2p, 2p), θ(X) = I 2p,2p XI 2p,2p and σ 1 (X) = J p,p XJ −1 p,p , σ 2 (X) = J 2p XJ −1 2p (X ∈ g 0 ). We will focus on two fixed point sets g σ 1 0 and g σ 2 0 . Then, g σ 1 0 is isomorphic to u(p, p) and g σ 2 0 to gl(2p, R). If p ≥ 2, then u(p, p) is not isomorphic to gl(2p, R), from which (g 0 , σ 1 ; θ) ≡ (g 0 , σ 2 ; θ). In the special case p = 1, u(1, 1) is isomorphic to gl(2, R), nevertheless, (so(2, 2), σ 1 ; θ) is not equivalent to (so(2, 2), σ 2 ; θ). Indeed, the center of u(1, 1) is contained in g θ 0 , whereas, the center of gl(2, R) is contained in g −θ 0 .
2.3.
Compact semisimple symmetric triad. In this subsection, we give a brief summary on compact semisimple symmetric triads whose definition is given in the following.
Definition 2.11. A triplet (g, θ 1 , θ 2 ) of a compact semisimple Lie algebra g and two involutions θ 1 , θ 2 on g is called a compact semisimple symmetric triad. Further, (g,
In a special case where θ 1 coincides with θ 2 , a compact semisimple symmetric triad (g, θ 1 , θ 1 ) means a compact semisimple symmetric pair (g, θ 1 ). We shall sometimes identify (g, θ 1 , θ 1 ) with (g, θ 1 ) which will be treated again in Section 3.5.
Two compact semisimple symmetric triads (g, θ 1 , θ 2 ), (g ′ , θ ′ 1 , θ ′ 2 ) are equivalent, denoted by (g, θ 1 , θ 2 ) ≡ (g ′ , θ ′ 1 , θ ′ 2 ), if there exists a Lie algebra isomorphism ψ : g → g ′ such that two equalities ψθ 1 = θ ′ 1 ψ, ψθ 2 = θ ′ 2 ψ hold. This notion defines an equivalence relation on the set of compact semisimple symmetric triads. Further, this is compatible with the commutativity, namely, if (g,
holds. We notice that compact semisimple symmetric triads may not be always commutative. In fact, Matsuki [18, Remark 1.2] has pointed out that no pair (θ 1 , θ 2 ) of involutions on g = so(2n) satisfying g θ 1 ≃ so(2p + 1) + so(2n − 2p − 1) and g θ 2 ≃ u(n) with 2p + 1 < n satisfies θ 1 θ 2 = θ 2 θ 1 . In the argument of this paper, we will always consider compact semisimple symmetric triads (g, θ 1 , θ 2 ) with θ 1 θ 2 = θ 2 θ 1 .
Let (g, θ 1 , θ 2 ) be a commutative compact semisimple symmetric triad. Then, θ 1 θ 2 is another involution on g. Obviously, θ 1 θ 2 commutes with θ 1 and θ 2 . Thus, we obtain a new commutative compact semisimple symmetric triad (g, θ 1 , θ 1 θ 2 ). Definition 2.12. We say that (g, θ 1 , θ 1 θ 2 ) is the associated compact symmetric triad of (g, θ 1 , θ 2 ). Further, (g,
We write (g, θ 1 , θ 2 ) a := (g, θ 1 , θ 1 θ 2 ).
The fixed point set g θ 1 θ 2 is expressed as follows. We set k i := g θ i and p i := g −θ i (i = 1, 2). Since θ 1 θ 2 = θ 2 θ 1 , we decompose g into as follows
Hence, we obtain
It is natural to regard that two compact semisimple symmetric triads (g, θ 1 , θ 2 ) and (g, θ 2 , θ 1 ) are the same. However, we shall distinguish them in the sense as follows: Definition 2.13. We say that (g, θ 2 , θ 1 ) is the dual compact symmetric triad of (g, θ 1 , θ 2 ). Further, (g,
We write (g, θ 1 , θ 2 ) d := (g, θ 2 , θ 1 ). (2.17) A direct computation shows that (g, θ 1 , θ 2 ) ada = (g, θ 1 , θ 2 ) dad . Example 2.14. Let p, q be positive integers. We take a compact semisimple Lie algebra g as so(2p + 2q) = {X ∈ M(2p + 2q, R) : t X = −X} and two involutions θ 1 , θ 2 on g as θ 1 (X) = I 2p,2q XI 2p,2q and θ 2 (X) = J p,q XJ −1 p,q (X ∈ g). Here, two matrices I 2p,2q and J p,q are given by (2.8) and (2.9), respectively. Then, (g, θ 1 , θ 2 ) is a commutative compact semisimple symmetric triad. The fixed point set g θ 1 is of the form
and g θ 2 is described as follows
Example 2.15. For a positive integer p, let g be so(4p) and θ 1 , θ 2 be two involutions on g defined by θ 1 (X) = I 2p,2p XI 2p,2p and θ 2 (X) = J 2p XJ −1 2p (X ∈ g). Here, J 2p is given by (2.7). Then, (g, θ 1 , θ 2 ) is a commutative compact semisimple symmetric triad and g θ 1 = so(2p) + so(2p). The fixed point set g θ 2 is
Thus, g θ 2 ≃ u(2p) because of the following Lie algebra isomorphism 
As we have seen in Examples 2.14 and 2.15, g θ 1 = so(2p) + so(2p) and g θ 2 ≃ g θ ′ 2 ≃ u(2p). Nevertheless, (g, θ 1 , θ 2 ) is not equivalent to (g, θ 1 , θ ′ 2 ). To see it, we focus on g θ 1 ∩ g θ 2 and g θ 1 ∩ g θ ′ 2 . In view of (2.18) and (2.19) , it turns out that g θ 1 ∩ g θ 2 ≃ u(p) + u(p), and it follows from (2.18) and (2.20) that g θ 1 ∩ g θ ′ 2 ≃ so(2p). This means that g θ 1 ∩ g θ 2 is not isomorphic to g θ 1 ∩ g θ ′ 2 . Due to Lemma 2.17 below, we conclude (g, θ 1 , θ 2 ) ≡ (g, θ 1 , θ ′ 2 ).
We will here explain Lemma 2.17 used in Example 2.16. This provides a necessary condition for two commutative compact semisimple symmetric triads to be equivalent.
Proof. We take a Lie algebra isomorphism ϕ : g → g ′ such that θ ′ 1 = ϕθ 1 ϕ −1 and θ ′ 2 = ϕθ 2 ϕ −1 . Then, ϕ induces Lie algebra isomorphisms from g θ 1 to (g ′ ) θ ′ 1 and from
Duality between non-compact semisimple symmetric pairs and commutative compact semisimple symmetric triads
This section is one of the main parts of this paper. Namely, we construct a one-to-one correspondence between non-compact semisimple symmetric pairs and commutative compact semisimple symmetric triads.
From now on, we denote by P the set of non-compact semisimple symmetric pairs, by P c the set of non-compact semisimple symmetric pairs equipped with Cartan involutions and by T the set of commutative compact semisimple symmetric triads. The aim of this section is to give a bijection between the set P/≡ of equivalence classes in P and the set T/≡ of equivalence classes in T.
3.1.
One-to-one correspondence between P c /≡ and P/≡. First of all, we will consider the relation between P c /≡ and P/≡.
Let p be the projection from P c to P defined by p : P c → P, (g 0 , σ; θ) → (g 0 , σ).
, which gives rise to the map p from P c /≡ to P/≡. Proof. The surjectivity of p follows from that of p. Then, let us show p is injective.
Assume that p(g 0 , σ; θ) ≡ p(g ′ 0 , σ ′ ; θ ′ ) for (g 0 , σ; θ), (g ′ 0 , σ ′ ; θ ′ ) ∈ P c , namely, (g 0 , σ) ≡ (g ′ 0 , σ ′ ). We take a Lie algebra isomorphism ϕ : g 0 → g ′ 0 satisfying ϕσ = σ ′ ϕ. We define an involution θ on g 0 by θ = ϕ −1 θ ′ ϕ. Then, θ commutes with σ because
Further, the fixed point set g θ 0 is equal to
Since ϕ is a Lie algebra isomorphism and (g ′ 0 ) θ ′ is a maximal compact subalgebra of g ′ 0 , the set g θ 0 is a maximal compact subalgebra of g 0 . Hence, θ is also a Cartan involution of g 0 with θσ = σ θ. It follows from Fact 2.2 that there exists X ∈ g σ 0 such that
Here, we set ψ := ϕe ad X . Then, ψ is a Lie algebra isomorphism from g 0 to g ′ 0 . By the condition (2.1) and the equality ϕσ = σ ′ ϕ, we have
On the other hand, the equality (3.1) implies ψθ = θ ′ ψ. Hence, we have shown (g 0 , σ; θ) ≡ (g ′ 0 , σ ′ ; θ ′ ), from which p is injective. Therefore, we have proved Lemma 3.1.
Let us assume that
(g 0 , σ) ≡ (g ′ 0 , σ ′ ). Combining Lemma 3.1 with Lemma 2.3, we have (g 0 , σ; θ) ≡ (g ′ 0 , σ ′ ; θ ′ ) for any Cartan involution θ of g 0 commuting with σ and any Cartan involution θ ′ of g ′ 0 commuting with σ ′ . Hence, it follows from Lemma 2.5 that (g 0 , σ; θ) a ≡ (g ′ 0 , σ ′ ; θ ′ ) a and (g 0 , σ; θ) d ≡ (g ′ 0 , σ ′ ; θ ′ ) d . Definition 3.2. We write [(g 0 , σ)] ∈ P/≡ for the equivalence class containing (g 0 , σ) ∈ P. We define [(g 0 , σ)] a and [(g 0 , σ)] d by [(g 0 , σ)] a := [p((g 0 , σ; θ) a )], [(g 0 , σ)] d := [p((g 0 , σ; θ) d )]. (3.2) Moreover, we say that [(g 0 , σ)] is self-associated if [(g 0 , σ)] a = [(g 0 , σ)], and self-dual if [(g 0 , σ)] d = [(g 0 , σ)].
3.2.
Correspondence between P c and T. In this subsection, we construct a map Φ : T → P c and Ψ : P c → T explicitly.
First, we give a map Φ : T → P c as follows. Let (g, θ 1 , θ 2 ) be a commutative compact semisimple symmetric triad. We will use the notation as in Section 2.3. Let µ be the complex conjugation of g C = g + √ −1g with respect to g. We extend θ 1 and θ 2 to C-linear automorphisms on g C , respectively. Then, θ 1 commutes with µ, from which τ := µθ 1 defines another anti-linear involution on g C .
The fixed point set g 0 := g τ C is a non-compact real form of g C and is expressed as follows.
The restriction of the C-linear map θ 1 on g C to g 0 becomes an involution on g 0 . We put θ := θ 1 | g 0 . Then, k 0 := g θ 0 is a maximal compact subalgebra of g 0 . This means that θ is a Cartan involution of g 0 and k 0 coincides with k 1 = g θ 1 .
Similarly, σ := θ 2 | g 0 is also an involution on g 0 . Clearly, σ commutes with θ. Therefore, (g 0 , σ; θ) is a non-compact semisimple symmetric pair equipped with a Cartan involution. In this sense, we define a map Φ : T → P c by
Hereafter, we use the same letters θ 1 , θ 2 to denote the restrictions θ 1 | g 0 , θ 2 | g 0 , respectively. Note that the fixed point set h 0 := g σ 0 is written as follows.
By the observation of Lemma 3.4, k 1 ∩ k 2 is a maximal compact subalgebra of h 0 .
Next, we give a map Ψ : P c → T. Let (g 0 , σ; θ) be a non-compact semisimple symmetric pair equipped with a Cartan involution. Retain the notation as in Section 2.1. We extend θ and σ to C-linear automorphisms on the complexification
Then, the restrictions of θ and σ to g become involutions on g.
We set θ 1 := θ| g and θ 2 := σ| g . Clearly, θ 1 commutes with θ 2 . Thus, we get a commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ). This yields the map Ψ : P c → T defined by
From now, we use the same letters θ, σ to denote the restrictions θ| g , σ| g to g, respectively.
The fixed point set k 1 := g θ 1 equals to k 0 , and k 2 := g θ 2 is given by
3.3. One-to-one correspondence between P/≡ and T/≡. Two maps Φ, Ψ given in Section 3.2 are inversed correspondence to each other (see the proof of Theorem 3.6 below). Using them, we will construct a one-to-one correspondence between P c /≡ and T/≡.
For this, we prepare: In the following, [(g, θ 1 , θ 2 )] ∈ T/≡ denotes the equivalence class containing (g, θ 1 , θ 2 ) ∈ T.
, from which we take a Lie algebra isomorphism ϕ : g → g ′ satisfying ϕθ i = θ ′ i ϕ for i = 1, 2. We extend ϕ to a complex Lie algebra isomorphism from
Hence, we conclude
, from which this gives rise to the map Φ :
Similarly, we can induce the map Ψ : P c /≡ → T/≡. Then, we omit its detail.
Hence, we get a one-to-one correspondence between T/≡ and P/≡.
Proof. We take a non-compact semisimple symmetric pair equipped with a Cartan involution (g 0 , σ; θ).
This means that Ψ is the inversed map of Φ. Hence, we obtain a bijection from P c /≡ to T/≡. As Lemma 3.1, we conclude Theorem 3.6. Notation 3.7. For simplicity, we usually use the notation as follows:
Example 3.8. Let (g, θ 1 , θ 2 ) be the commutative compact semisimple symmetric triad which has been considered in Example 2.14, namely, g = so(2p + 2q), θ 1 (X) = I 2p,2q XI 2p,2q and θ 2 (X) = J p,q XJ −1 p,q (X ∈ g). We recall that g θ 1 = so(2p) + so(2q) and g θ 2 ≃ u(p + q). In this setting, we will clarify the dual (g 0 , σ; θ) = (g, θ 1 , θ 2 ) * of (g, θ 1 , θ 2 ).
The complexification g of so(2p, 2q) equals so(2p + 2q, C) = {X ∈ M(2p + 2q, C) : t X = −X}. The non-compact real form g 0 = g θ 1 + √ −1g −θ 1 of g is given as follows. The fixed point set g θ 1 = g θ 0 = so(2p) + so(2q) is given by (2.11) and g −θ 1 by
Hence, we have
Here, we set
and define a map ϕ :
Then, ϕ gives rise to the Lie algebra isomorphism from g 0 to so(2p, 2q) which is defined by (2.10). Now, we put g ′ 0 := so(2p, 2q) and θ ′ :
2p (X ∈ g). As mentioned in Example 2.15, we obtain g θ 1 = so(2p) + so(2p) and g θ 2 ≃ u(2p).
The dual (g 0 , σ; θ) := (g, θ 1 , θ 2 ) * is given as follows. By the same argument as in Example 3.8, a non-compact semisimple real Lie algebra g 0 is isomorphic to so(2p, 2p) and the fixed point set g θ 0 of the Cartan involution θ := θ 1 | g 0 equals so(2p) + so(2p).
Next, we define a map ϕ by (3.7). We set g ′ 0 := ϕ(g 0 ) = so(2p, 2q) and σ ′ = ϕσϕ −1 . Then, an explicit description of
where J ′ 2p is given by (2.12) . This means that (g ′ 0 , σ ′ ; θ ′ ) is the same as the non-compact semisimple symmetric pair equipped with a Cartan involution treated in Example 2.10, and then
The following corollary is an immediate consequence of Theorem 3.6 (see also Section 3.2). Here is a remark that g σ 0 is reductive since it is θ-invariant, however, it is not always semisimple. In this case, we would also say that g ′ is a compact real form of the complexification (g σ 0 ) C of g σ 0 if g ′ is compact and a real form of (g σ 0 ) C . Corollary 3.10. Let (g 0 , σ; θ) be a non-compact semisimple symmetric pair equipped with a Cartan involution. We set (g, θ 1 , θ 2 ) := (g 0 , σ; θ) * . Then, we have:
(1) The compact semisimple Lie algebra g is a compact real form of g C .
(2) The fixed point set g θ 1 coincides with g θ 0 .
(3) The fixed point set g θ 2 is a compact real form of (g σ 0 ) C . 3.4. Compatible condition. Our duality theorem (Theorem 3.6) satisfies compatible conditions in the sense as follows. Here, we will write (g, θ 1 , θ 2 ) a * for Φ((g, θ 1 , θ 2 ) a ) = Φ(g, θ 1 , θ 1 θ 2 ) and (g, θ 1 , θ 2 ) * a for (Φ(g, θ 1 , θ 2 )) a , and so on.
Proposition 3.11. The following relations hold for (g, θ 1 , θ 2 ) ∈ T:
Proposition 3.12. The following relations hold for (g 0 , σ; θ) ∈ P c :
. On the other hand, the associated non-compact semisimple symmetric
Next, a direct computation shows
On the other hand, we have
Proof of Proposition 3.12. Our proof of the first equality is provided as follows. According to Theorem 3.6, we write (g 0 , σ; θ) = (g, θ 1 , θ 2 ) * for some (g, θ 1 , θ 2 ) ∈ T. Recall from the proof of Theorem 3.6 that (g, θ 1 , θ 2 ) * * = Ψ • Φ(g, θ 1 , θ 2 ) = (g, θ 1 , θ 2 ). By Proposition 3.11, we have
On the other hand, since (g 0 , σ; θ) * = (g, θ 1 , θ 2 ), we have (g 0 , σ; θ) * a = (g, θ 1 , θ 2 ) a . Hence, we have proved (g 0 , σ; θ) a * = (g 0 , σ; θ) * a . The second statement can be proved similarly to the first one, hence we omit its proof.
3.5.
Duality for Riemannian symmetric pairs. The duality for Riemannian semisimple symmetric pairsà laÉ. Cartan means a one-toone correspondence between Riemannian semisimple symmetric pairs of non-compact type and those of compact type. More precisely, a pair (g 0 , θ) of a non-compact real semisimple Lie algebra g 0 and its Cartan involution θ corresponds to the pair (g θ 0 + √ −1g −θ 0 , θ), and a compact semisimple symmetric pair (g, θ 1 ) to the pair (g
. On the other hand, (g 0 , θ) and (g, θ 1 ) have the following correspondences in the sense of our duality theorem given by Theorem 3.6:
where (g, θ 1 ) is regarded as the commutative compact semisimple symmetric triad (g, θ 1 , θ 1 ). Then, it is reasonable to write (g, θ 1 ) = (g 0 , θ) * as the duality for Riemannian semisimple symmetric pairs. In this context, our duality in Theorem 3.6 is a kind of generalizations of the duality for Riemannian symmetric pairs. We want to understand our duality in Theorem 3.6 from the viewpoint of the duality for Riemannian symmetric pairs. For this, we have to extend the duality for Riemannian semisimple symmetric pairs to that for Riemannian reductive symmetric pairs. Then, let us assume only in this subsection that a non-compact real Lie algebra g 0 is reductive.
We write g 0 = [g 0 , g 0 ] ⊕ z 0 for the decomposition of g 0 into its semisimple part and its center. Here, [g 0 , g 0 ] is the derived ideal and z 0 is the center of g 0 .
Let ν be an involution on g 0 . The restriction of ν to the semisimple part [g 0 , g 0 ] defines an involution on [g 0 , g 0 ] because
Moreover, ν| z 0 is also an involution on z 0 since
An involution θ on a real reductive Lie algebra g 0 is said to be a Cartan involution if the restriction θ| [g 0 ,g 0 ] is a Cartan involution of the semisimple part [g 0 , g 0 ] (see [21] ). In this sense, Cartan involutions on a real reductive Lie algebra are not unique.
Given a Cartan involution θ of a reductive Lie algebra g 0 , we say that (g 0 , θ) is a Riemannian reductive symmetric pair. According to the decomposition g 0 = [g 0 , g 0 ] ⊕ z 0 , the sets g θ 0 and g −θ 0 can be written by
Hence, g is a compact Lie algebra. Further, g is semisimple if and only if z 0 = {0}. In this case, we have g 0 = [g 0 , g 0 ], and then (3.8 
Henceforth, we may also write (g, θ) = (g 0 , θ) * for a real reductive Lie algebra g 0 .
Moreover, it follows from (3.8) that (g, θ) is of the form
The semisimple part ([g, g], θ) is written by ([g, g], θ) = ([g 0 , g 0 ], θ) * in the sense of Theorem 3.6. Concerning the center, we set (z 0 , θ) * := (z, θ). Based on the above observation, we define
for a real reductive Lie algebra g 0 and a Cartan involution θ of g 0 . Now, we return to our duality theorem. Let (g 0 , σ; θ) ∈ P c and (g, θ 1 , θ 2 ) = (g 0 , σ; θ) * ∈ T. Then, (g 0 , θ) and (g σ 0 , θ) are non-compact Riemannian symmetric pairs, and (g, θ 1 ) and (g θ 2 , θ 1 ) are compact Riemannian symmetric pairs. They have the following relations: Theorem 3.13. Let (g 0 , σ; θ) be a non-compact pseudo-Riemannian semisimple symmetric pair equipped with a Cartan involution. We set (g, θ 1 , θ 2 ) := (g 0 , σ; θ) * . Then, (g, θ 1 ) equals (g 0 , θ) * and (g θ 2 , θ 1 ) equals (g σ 0 , θ) * .
Proof. As mentioned in (3.4), we have
Example 3.14. Let us again consider the non-compact semisimple symmetric pair equipped with a Cartan involution (g 0 , σ; θ) which has been treated in Example 2.10, namely,
We have already explained in Example 3.9 that (g 0 , σ; θ) is equivalent to the dual of the commutative compact semisimple symmetric triad
Here is the observation of the relation (g 0 , σ; θ) * ≡ (g, θ 1 , θ 2 ) from the view point of Theorem 3.13. In the following, we shall use the classification of Riemannian semisimple symmetric pairs.
Clearly, (g, θ 1 ) = (so(4p), θ 1 ) is the dual of (g 0 , θ) = (so(2p, 2p), θ) for Riemannian semisimple symmetric pairs. Next, the subalgebra g σ 0 is not semisimple and decomposed as
which is isomorphic to sl(2p, R) via the isomorphism ι given by (2.14) , and the center is
Here, the Cartan involution
Correspondence between various properties via duality theorem
In the previous section, we have provided an explicit description of a one-to-one correspondence between the set of equivalence classes of non-compact semisimple symmetric pairs and the set of equivalence classes of commutative compact semisimple symmetric triads (Theorem 3.6), and have observed that this correspondence is a kind of generalization of the duality for Riemannian symmetric pairs (see Section 3.5).
Our next concern on our duality theorem is to seek a correspondence between various properties of non-compact semisimple symmetric pairs and those of commutative compact semisimple symmetric triads.
The first half of this section is devoted to the study that our duality theorem preserves irreducibility, namely, a non-compact semisimple symmetric pair (g 0 , σ) is irreducible (see Definition 4.1) if and only if the corresponding commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ) = (g 0 , σ) * is irreducible (see Definition 4.9), which is given by Theorem 4.16. Further, we see in Lemma 4.4 that the irreducible decomposition of (g 0 , σ) corresponds to the irreducible decomposition of the dual (g, θ 1 , θ 2 ) = (g 0 , σ) * . Moreover, our duality also gives rise to a one-to-one correspondence between 'types' of irreducible non-compact semisimple symmetric pairs and 'types' of irreducible commutative compact semisimple symmetric triads. For example, if g 0 is simple and has no complex structures, then (g 0 , σ) is irreducible and the corresponding (g, θ 1 , θ 2 ) satisfies that g is simple, in particular, (g, θ 1 , θ 2 ) is irreducible, and vice versa (see Proposition 4.17) . If g 0 is not simple or has a complex structure, then we divide irreducible (g 0 , σ) ∈ P into four types named by (P-a)-(P-d) (see in Corollary 4.8), whereas, if a compact semisimple Lie algebra g is not simple, then we divide irreducible (g, θ 1 , θ 2 ) ∈ T into four types named by (T-a)-(T-d) (see in Proposition 4.11) . Then, we prove that irreducible (g 0 , σ) is of type (P-i) if and only if the corresponding (g, θ 1 , θ 2 ) is of type (T-i) (i = a, b, c, d) (see Theorem 4.18) .
Owing to this result, one can give an alternative proof for Berger's classification of non-compact semisimple symmetric pairs from the viewpoint of that of compact semisimple symmetric triads via our duality theorem. The detail will be explained in the forthcoming paper [2] .
The latter half of this section is to provide a new characterization of non-compact semisimple symmetric pairs of type K ε (see Definition 4.32) in terms of the corresponding commutative compact semisimple symmetric triads (g 0 , σ) * via our duality theorem (see Theorem 4.44). To explain it, we shall introduce an equivalence relation between two involutions θ 1 , θ 2 on a compact semisimple Lie algebra, denoted by θ 1 ∼ θ 2 (see Definition 4.36).
First of all, we fix the notation as follows. Let l 0 be a real semisimple Lie algebra. Then, the direct sum l 0 ⊕ l 0 is a semisimple Lie algebra. However, it is not simple even if l 0 is simple. For two automorphisms ν 1 , ν 2 on l 0 , we write ν 1 ⊕ ν 2 for the automorphism on l 0 ⊕ l 0 given by
On the other hand, it would be useful to define
Then, ρ is an involution on l 0 ⊕ l 0 . When σ is a Cartan involution θ, then (g 0 , θ) is irreducible in the sense of Definition 4.1 if and only if g θ 0 acts irreducibly on g −θ 0 , namely, (g 0 , θ) is irreducible as a non-compact Riemannian symmetric pair, which will be discussed in Section 5 separated from this section.
Let us consider a non-compact semisimple symmetric pair (g 0 , σ) which is not irreducible, namely, there exists a non-trivial σ-invariant ideal l 0 of g 0 . The restriction σ| l 0 of σ to l 0 is an involution on l 0 . This gives rise to a non-compact semisimple symmetric pair (l 0 , σ| l 0 ). Let l ′ 0 be the complementary ideal of l 0 in g 0 , namely, g 0 = l 0 ⊕ l ′ 0 . Then, σ| l ′ 0 becomes an involution of l ′ 0 . Hence, (g 0 , σ) is decomposed into two semisimple symmetric pairs (l 0 , σ| l 0 ), (l ′ 0 , σ| l ′ 0 ) as follows
Let us see that (4.3) leads us a decomposition of a non-compact semisimple symmetric pair equipped with a Cartan involution (g 0 , σ; θ). Let θ 0 (resp. θ ′ 0 ) be a Cartan involution of l 0 (resp. l ′ 0 ) commuting with σ| l 0 (resp. σ| l ′ 0 ). Then, θ 0 ⊕ θ ′ 0 is a Cartan involution of g 0 = l 0 ⊕ l ′ 0 commuting with σ. Hence, (g 0 , σ; θ 0 ⊕ θ ′ 0 ) is a non-compact semisimple symmetric pair equipped with a Cartan involution and has a decomposition
Suppose that (g 0 , σ) is not irreducible and decomposed into (4.3). Then, any Cartan involution θ of g 0 commuting with σ satisfies θ(l 0 ) = l 0 and θ(l ′ 0 ) = l ′ 0 . Proof. Retain the notation as above. By Fact 2 
Hence, θ| l 0 = e ad Z 0 θ 0 e − ad Z 0 and θ| l ′ 0 = e ad Z ′ 0 θ ′ 0 e − ad Z ′ 0 become automorphisms on l 0 and l ′ 0 , respectively. This means that both l 0 and l ′ 0 are θ-invariant.
Lemma 4.2 implies that θ| l 0 , θ| l ′ 0 are Cartan involutions of l 0 , l ′ 0 , respectively. Therefore, we conclude: Proposition 4.3. Let (g 0 , σ; θ) be a non-compact semisimple symmetric pair equipped with a Cartan involution. If (g 0 , σ) is not irreducible, then there exist σ-invariant ideals l 0 , l ′ 0 such that (g 0 , σ; θ) = (l 0 , σ| l 0 ; θ| l 0 ) ⊕ (l ′ 0 , σ| l ′ 0 ; θ| l ′ 0 ). Due to Proposition 4.3, a non-compact semisimple symmetric pair equipped with a Cartan involution (g 0 , σ; θ) is decomposed into irreducible ones, namely,
where l 0 , l ′ 0 , . . . , l In view of the following lemma, it suffices to consider only irreducible symmetric pairs in order to see a one-to-one correspondence between various properties of non-compact semisimple symmetric pairs and those of commutative compact semisimple symmetric triads.
Lemma 4.4. Retain the setting of Proposition 4.3. Then, the dual (g 0 , σ; θ) * is given by
This implies that
As (l, θ| l , σ| l ) = (l 0 , σ| l 0 ; θ| l 0 ) * and (l ′ , θ| l ′ , σ| l ′ ) = (l ′ 0 , σ| l ′ 0 ; θ| l ′ 0 ) * , we obtain (g 0 , σ; θ) * = (l 0 , σ| l 0 ; θ| l 0 ) * ⊕ (l ′ 0 , σ| l ′ 0 ; θ| l ′ 0 ) * . Therefore, we have verified Lemma 4.4.
Henceforth, we deal with irreducible non-compact semisimple symmetric pairs.
First, let us consider a non-compact semisimple symmetric pair (g 0 , σ) where g 0 is not simple.
We take a non-trivial simple ideal g ′ 0 in g 0 . Then, σ(g ′ 0 ) is also an ideal of g 0 because
and the irreducibility of (g 0 , σ). We define a map ϕ from g 0 to
Then, ϕ is a Lie algebra isomorphism. This yields the relation σ = ϕ −1 ρϕ where ρ is given by (4.2) . Hence, we obtain
Let θ ′ be a Cartan involution of a real simple Lie algebra g ′ 0 . Then,
is a non-compact semisimple symmetric pair equipped with a Cartan involution.
Here, we set θ := ϕ −1 (θ ′ ⊕ θ ′ )ϕ. This is a Cartan involution of g 0 and
Moreover, we prove: Lemma 4.5. Suppose that g 0 is not simple and (g 0 , σ) is irreducible. Under the setting of (4.5), any Cartan involution θ of g 0 commuting with σ satisfies θ(g ′ 0 ) = g ′ 0 . Proof. By Fact 2.2, there exists Z ∈ g σ 0 such that θ = e ad Z θe − ad Z . Since e ad Z σ = σe ad Z (see Lemma 2.3), we have (g 0 , σ; θ) ≡ (g 0 , σ; θ).
As
This means that g ′ 0 is θ-invariant and θ| g ′ 0 = e ad Z 0 θ ′ e − ad Z 0 is its Cartan involution. Lemma 4.5 implies that the restriction θ| g ′ 0 becomes a Cartan involution of g ′ 0 . By replacing θ ′ with θ| g ′ 0 in (4.5), we conclude: Proposition 4.6. Let (g 0 , σ; θ) be a non-compact semisimple symmetric pair equipped with a Cartan involution. If (g 0 , σ) is irreducible and g 0 is not simple, then there exists a real simple Lie algebra g ′ 0 such that
. Next, let us consider the case where g 0 is simple. Clearly, (g 0 , σ) is irreducible for any involution σ. In the following, we focus on the setting that g 0 is a complex Lie algebra and the property of its involutions.
Remark 4.7. Suppose that a non-compact real simple Lie algebra g 0 equips with a complex structure J. Then, any involution on a complex simple Lie algebra (g 0 , J) is either C-linear or anti-linear. In fact, for an involution σ on g 0 , we set J σ := σJσ. Then, J σ becomes a complex structure on g 0 because J 2 σ = σJσ 2 Jσ = σJ 2 σ = −σ 2 = − id. Since g 0 is simple, this implies J σ has to be either J or −J. If J σ = J then Jσ = σJ, from which σ is C-linear. On the other hand, if J σ = −J then Jσ = −σJ, from which σ is anti-linear. If σ coincides with a Cartan involution θ, then it is anti-linear and its fixed point set in g 0 is a compact real form of the complex simple Lie algebra (g 0 , J).
As a consequence of Proposition 4.6 and Remark 4.7, we get all types of irreducible non-compact semisimple symmetric pairs. More precisely, irreducible (g 0 , σ) forms as follows when g 0 is not simple or has a complex structure: Corollary 4.8. Let (g 0 , σ; θ) be a non-compact semisimple symmetric pair equipped with a Cartan involution except the case where g 0 is simple without complex structures. If (g 0 , σ) is irreducible, then (g 0 , σ; θ) satisfies one of the followings:
(P-a) g 0 is real simple Lie algebra with a complex structure and σ is anti-linear on the complex Lie algebra g 0 . (P-b) g 0 is real simple Lie algebra with a complex structure and σ is C-linear on the complex Lie algebra g 0 .
for some real simple Lie algebra g ′ 0 with a complex structure.
for some real simple Lie algebra g ′ 0 without complex structures. 4.2. Irreducible compact semisimple symmetric triad. In contrast to irreducible non-compact semisimple symmetric pairs, we introduce irreducibility of commutative compact semisimple symmetric triads. By definition, (g, θ 1 , θ 2 ) is irreducible if g is simple. Further, we have: Lemma 4.10. For a commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ), following three conditions are equivalent:
Proof. As (g, θ 1 , θ 2 ) d = (g, θ 2 , θ 1 ), the equivalence of (i) and (ii) is clear. Further, an ideal of g is θ 1 -and (θ 1 θ 2 )-invariant if and only if it is θ 1and θ 2 -invariant, from which the equivalence of (i) and (iii) follows.
A compact semisimple symmetric triad (g, θ 1 , θ 2 ) is decomposed into irreducible ones (g 1 , θ 1 | g 1 , θ 2 | g 1 ), . . . , (g k , θ 1 | g k , θ 2 | g k ) by (g, θ 1 , θ 2 ) = (g 1 , θ 1 | g 1 , θ 2 | g 1 ) ⊕ · · · ⊕ (g k , θ 1 | g k , θ 2 | g k ) where g 1 , . . . , g k are non-trivial θ 1 -and θ 2 -invariant ideals of g and g has a Lie algebra decomposition g = g 1 ⊕ · · · ⊕ g k . If (g, θ 1 , θ 2 ) is commutative, then each irreducible component (g i , θ 1 | g i , θ 2 | g i ) is commutative. By Lemma 4.4, we have
Our concern here is to understand irreducible commutative compact semisimple symmetric triads in the setting where g is semisimple but not simple.
Let u be a compact simple Lie algebra and ν an involution on u. Then, the direct sum u ⊕ u is a compact semisimple Lie algebra which is not simple.
The following proposition is due to Matsuki [18, Proposition 2.2].
Proposition 4.11 ([18] ). Let (g, θ 1 , θ 2 ) be an irreducible commutative compact semisimple symmetric triad. Suppose that g is not simple. Then, there exists a compact simple Lie algebra u such that (g, θ 1 , θ 2 ) satisfies one of the followings: for (X, Y, Z, W ) ∈ u ⊕ u ⊕ u ⊕ u, respectively. (T-d) (g, θ 1 , θ 2 ) ≡ (u⊕u, ν⊕ν, ρ) for some involution ν on u. We note that this is the dual compact symmetric triad of (u ⊕u, ρ, ν ⊕ν) given in (T-b).
Commutative compact semisimple symmetric triads in (T-a)-(T-d) have the following properties:
Lemma 4.12. Let u be a compact simple Lie algebra and ν an involution on u. Then, we have:
Proof.
(1) We define a Lie algebra isomorphism ϕ ν : u ⊕ u → u ⊕ u by
Then, the following equalities hold for any (X, Y ) ∈ u ⊕ u:
(2) This follows from the definition.
(3) We define an automorphism ρ (13) 
Then, we have ρ (13) • ρ (14)(23) = ρ (12)(34) • ρ (13) .
Next, we set ρ (13)(24) := ρ (12)(34) • ρ (14)(23) . This is an involution given by
for (X, Y, Z, W ) ∈ u⊕u⊕u⊕u. Then, (u⊕u⊕u⊕u, ρ (12)(34) , ρ (14)(23) ) a is written as (u ⊕u ⊕u ⊕u, ρ (12)(34) , ρ (13)(24) ). Here, let us define an involution ρ (34) on u ⊕ u ⊕ u ⊕ u by Hence, we find out that (u ⊕ u ⊕ u ⊕ u, ρ (12)(34) , ρ (14)(23) ) a is equivalent to (u ⊕ u ⊕ u ⊕ u, ρ (12)(34) , ρ (14)(23) ). (4) A direct computation shows that
Hence, we have verified (u ⊕ u, ν ⊕ ν, ρ) a ≡ (u ⊕ u, ν ⊕ ν, ρ). Therefore, Lemma 4.12 has been proved.
The following corollary is an immediate consequence of Lemma 4.12. However, we shall use it in the proof of Proposition 4.27. Thus, we will state: Corollary 4.13. For a compact simple Lie algebra u, we have (u ⊕ u ⊕ u ⊕ u, ρ (12)(34) , ρ (13)(24) ) ≡ (u ⊕ u ⊕ u ⊕ u, ρ (12)(34) , ρ (14)(23) ).
Proof. The left-hand side is the associated compact semisimple symmetric triad of (u ⊕ u ⊕ u ⊕ u, ρ (12)(34) , ρ (14)(23) ) which is self-associated by Lemma 4.12. Hence, we have obtained Corollary 4.13. 
Proof. This follows from (u ⊕ u, ν ⊕ ν, ρ) a = (u ⊕ u, ν ⊕ ν, ρ • (ν ⊕ ν)) and (u ⊕ u, ν ⊕ ν, ρ) is self-associated by Lemma 4.12.
Correspondence of invariant ideals via duality theorem.
Let (g 0 , σ; θ) be a non-compact semisimple symmetric pair equipped with a Cartan involution and (g, θ 1 , θ 2 ) := (g 0 , σ; θ) * the corresponding commutative compact semisimple symmetric triad. In this subsection, we consider the correspondence between the set of σ-invariant ideals of g 0 and that of θ 1 -and θ 2 -invariant ideals of g via our duality in Theorem 3.6.
Thanks to Lemma 4.2, any σ-invariant ideal of g 0 is automatically θ-invariant. Then, we shall consider the set I(g 0 , σ; θ) of all σ-and θ-invariant ideals of g 0 . Similarly, we denote by I(g, θ 1 , θ 2 ) the set of all θ 1 -and θ 2 -invariant ideals of g.
Theorem 4.15. The duality given by Theorem 3.6 gives rise to a oneto-one correspondence between I(g 0 , σ; θ) and I(g, θ 1 , θ 2 ).
Proof. Let us take any l 0 ∈ I(g 0 , σ; θ). By Lemma 4.2, (l 0 , σ| l 0 ; θ| l 0 ) is a non-compact semisimple symmetric pair equipped with a Cartan involution. We write l 0 = l θ 0 + l −θ 0 for the corresponding Cartan decomposition of θ| l 0 . We set l * 0 := l θ 0 + √ −1l −θ 0 . As θ 1 = θ| g , this is a θ 1 -invariant compact semisimple Lie algebra. Further, the relation σθ = θσ shows that both l θ 0 and l −θ 0 are σ-invariant. As θ 2 = σ| g , we have
is a commutative compact semisimple symmetric triad and it coincides with the dual (l 0 , σ| l 0 ; θ| l 0 ) * , namely, (l * 0 , θ 1 | l * 0 , θ 2 | l * 0 ) = (l 0 , σ| l 0 ; θ| l 0 ) * = Ψ(l 0 , σ| l 0 ; θ| l 0 ). Conversely, (l, θ 1 | l , θ 2 | l ) is a commutative compact semisimple symmetric triad for l ∈ I(g, θ 1 , θ 2 ). We set l * := l θ 1 + √ −1l −θ 1 . Then, it is θ-and σ-invariant and we obtain (l * , σ| l * ; θ| l * ) = (l, θ 1 | l , θ 2 | l ) * = Φ(l, θ 1 | l , θ 2 | l ). (4.8)
Next, we will verify that l *
is an ideal of g if l 0 ∈ I(g 0 , σ; θ) as follows. The inclusion [l 0 , g 0 ] ⊂ l 0 implies
Hence, [l * 0 , g] is contained in l θ 0 + √ −1l −θ 0 = l * 0 , from which l * 0 is an ideal of g. By the same argument as above,
Therefore, the map Ψ : I(g 0 , σ; θ) → I(g, θ 1 , θ 2 ), l 0 → l * 0 is defined by (4.7) and Φ : I(g, θ 1 , θ 2 ) → I(g 0 , σ; θ), l → l * by (4.8). Due to Theorem 3.6, two maps are bijections and Φ −1 = Ψ.
As a conclusion, Theorem 4.15 has been proved.
4.4.
Equivalence of irreducibility via duality theorem. In the following, we give a correspondence between irreducible non-compact semisimple symmetric pairs and irreducible commutative compact semisimple symmetric triads via our duality. First, our duality preserves the irreducibility, namely, we prove: Proof. Suppose (g 0 , σ) is irreducible. Then, the set I(g 0 , σ; θ) contains only trivial ideals, namely, I(g 0 , σ; θ) = {{0}, g 0 }. By Theorem 4.15, the set I(g, θ 1 , θ 2 ) equals Ψ(I(g 0 , σ; θ)) = {{0}, g}. Hence, (g, θ 1 , θ 2 ) is irreducible. The opposite is also true, from which we omit its proof.
In a case where a non-compact real Lie algebra g 0 is simple and has no complex structures, any (g 0 , σ) ∈ P is irreducible and then (g, θ 1 , θ 2 ) := (g 0 , σ) * ∈ T is also irreducible. In particular, we know: Proposition 4.17. Let (g 0 , σ) be a non-compact semisimple symmetric pair and (g, θ 1 , θ 2 ) the dual of (g 0 , σ) via Theorem 3.6. Then, the compact Lie algebra g is simple if and only if the non-compact real Lie algebra g 0 is simple and has no complex structures.
Proof. This follows from the dual (g 0 , θ) * for Riemannian symmetric pair (see [9, Theorem 5.4 
in Chapter VIII]).
In what follows, we study the irreducible commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ) = (g 0 , σ; θ) * corresponding to an irreducible non-compact semisimple symmetric pair (g 0 , σ; θ) which is one of (P-a)-(P-d) of Corollary 4.8. Our proof of Theorem 4.18 will be given in Sections 4.5 and 4.6. Theorem 4.18 provides an alternative proof of the classification of irreducible non-compact semisimple symmetric pairs (g 0 , σ) via Theorem 3.6 when g 0 is either not simple or has a complex structure. In fact, their classification can be reduced to that of compact semisimple symmetric pairs, which is well-known (see [9] for example). More pre- 
4.5.
Complex simple case. In this subsection, we treat the case where a real Lie algebra is simple and has a complex structure.
Let g 0 be a real simple Lie algebra equipped with a complex structure J. We write s = (g 0 , J) for the complex simple Lie algebra. The notation s R stands for the real semisimple Lie algebra by restricting the coefficient field to R, equivalently, g 0 = s R . In this setting, we give a description of the dual (g, θ 1 , θ 2 ) of a non-compact semisimple symmetric pair equipped with a Cartan involution (g 0 , σ; θ).
4.5.1.
Corresponding compact Lie algebra. First of all, we find a description of the corresponding compact semisimple Lie algebra g. This g is determined by the Riemannian symmetric pair (g 0 , θ) with (2.3). Then, we will consider the dual (g, θ 1 ) = (g 0 , θ) * for Riemannian symmetric pairs (see Theorem 3.13) .
The fixed point set k 0 := g θ 0 = (s R ) θ of the Cartan involution θ in g 0 is a compact real form of s. Then, p 0 = g −θ 0 = (s R ) −θ is written by p 0 = Jk 0 , from which we can write g 0 = k 0 + Jk 0 for the Cartan decomposition. We denote by X the complex conjugate of X ∈ s with respect to k 0 , namely, X = X 1 − JX 2 for X = X 1 + JX 2 with X 1 , X 2 ∈ k 0 .
Let g C = g 0 + √ −1g 0 be the complexification of the real Lie algebra g 0 . Now, we define a map η :
The following lemma is due to [14, Theorem 6.94 ].
Lemma 4.19. The complexification g C = g 0 + √ −1g 0 is isomorphic to s ⊕ s as a complex Lie algebra via η. Now, we will construct a compact real form g of g C . Let τ be the complex conjugation on g C with respect to g 0 , namely,
We extend θ to a C-linear involution on g C . Obviously, θ commutes with τ , from which µ := τ θ is an anti-linear involution on g C . Then, g := g µ C is a compact real form of g C . Lemma 4.20. The compact Lie algebra g is given by g = k 0 + √ −1Jk 0 and is isomorphic to k 0 ⊕ k 0 .
Proof. A direct commutation shows that
For an element X ∈ s, the relation X = X holds if and only if X lies in k 0 . For X, Y ∈ k 0 , we have
Second, the restriction of the C-linear involution θ ∈ Aut g C to g becomes an involutive automorphism on g. Similarly, g −θ = √ −1Jk 0 ≃ {(X, −X) : X ∈ k 0 } can be verified, which we omit its detail.
We remark that diag(k 0 ) is a symmetric subalgebra of k 0 ⊕ k 0 which is realized as the fixed point set of ρ (see (4.2) for definition). This corresponds to θ on g in the sense of ηθ = τ η. Hence, we get In the following, we consider an irreducible non-compact semisimple symmetric pair equipped with a Cartan involution (g 0 , σ; θ). As mentioned in Remark 4.7, an involution σ on the complex simple Lie algebra s is either C-linear or anti-linear. Then, we deal with σ as a C-linear involution in Section 4.5.2 and as an anti-linear one in Section 4.5.3. For this, we extend θ, σ ∈ Aut g 0 to C-linear involutions on g C . 4.5.2. Complex linear case. Let us assume here that σ is C-linear on s, namely, σ • J = J • σ. As θσ = σθ, k 0 is σ-invariant, and then we have
Hence, g σ is expressed as
Here, the subalgebra k σ 0 ⊕ k σ 0 is the fixed point set of the involution σ ⊕ σ on k 0 ⊕ k 0 . Since s is simple, the compact Lie algebra k 0 is also simple. Consequently, we have proved: 
: X ∈ k 0 }. This is a symmetric subalgebra of k 0 ⊕ k 0 which is realized as the fixed point set of ρ • (σ ⊕ σ). Therefore, we obtain: Proposition 4.24 (Proof of (P-a) ⇔ (T-a) of Theorem 4.18). Let g 0 be a real simple Lie algebra with a complex structure J. If an involution σ is anti-linear on s = (g 0 , J), then we have
is not equivalent to (k 0 ⊕ k 0 , ρ, ρ) unless σ is a Cartan involution of g 0 . 4.6. Non-simple case. In this subsection, we deal with the case where a semisimple real Lie algebra is not simple.
Let (g 0 , σ; θ) be an irreducible non-compact semisimple symmetric pair equipped with a Cartan involution. Suppose that g 0 is not simple. Recall from Proposition 4.6 that it is equivalent to (g ′ 0 ⊕ g ′ 0 , ρ; θ| g ′ 0 ⊕ θ| g ′ 0 ) for some real simple Lie algebra g ′ 0 . Thus, it suffices to consider (g ′ 0 ⊕ g ′ 0 , ρ; θ| g ′ 0 ⊕ θ| g ′ 0 ) in this case. For convenience, we shall write θ ′ := θ| g ′ 0 .
If g ′ 0 has no complex structures, we have: Proposition 4.26 (Proof of (P-d) ⇔ (T-d) of Theorem 4.18). Let g ′ 0 be a non-compact real simple Lie algebra without complex structures. Then, the dual of (g ′ 0 ⊕ g ′ 0 , ρ; θ ′ ⊕ θ ′ ) is given by
Here, the compact simple Lie algebra g ′ is characterized by (g ′ , θ ′ ) = (g 0 , θ ′ ) * .
Proof. This is an immediate consequence of Theorem 3.6.
Next, let us consider the case where g ′ 0 has a complex structure J ′ , namely, s ′ = (g ′ 0 , J ′ ) is a complex simple Lie algebra. By Lemma 4.19, the complexification (
The maximal compact subalgebra k ′ 0 := (g 0 ) θ ′ of g ′ 0 is simple and a compact real form of s ′ . Then, it follows from Lemma 4.20 that
. This implies that (12) (34) , ρ (13)(24) ). By Corollary 4.13, we conclude: be a real simple Lie algebra with a complex structure. Then, we have 
4.7.
Semisimple symmetric pair of type K ε . In this subsection, we deal with a certain class in non-compact semisimple symmetric pairs, namely, symmetric pairs of type K ε . 4.7.1. Symmetric pair of type K ε . The original definition of symmetric pairs of type K ε is given by Oshima-Sekiguchi in [19] , and after that a necessary and sufficient condition on a non-compact semisimple symmetric pair to be of type K ε is provided by Kaneyuki in [13] . This paper would adopt Kaneyuki's criterion as a definition.
Let g 0 be a non-compact real semisimple Lie algebra. Suppose we are given a Z-grading of m-th kind, namely, g 0 is decomposed into the sum of 2m + 1 subspaces for some positive integer m as
under the relations [g 0 (k), g 0 (l)] ⊂ g 0 (k + l) for −m ≤ k, l ≤ m, g 0 (±m) = {0} and g 0 (k) = {0} for |k| > m. We note that g 0 (0) is a reductive Lie algebra.
The next lemma is well-known, however its proof might not be written in any paper. Then, we will explain the proof below.
Lemma 4.28. Retain the setting as above. Then, there exists Z ∈ g 0 (0) uniquely such that ad(Z)| g 0 (k) = k id g 0 (k) for −m ≤ k ≤ m.
Proof. Let ϕ be a linear transformation on g 0 satisfying ϕ| g 0 (k) = k id g 0 (k) for any −m ≤ k ≤ m. We take arbitrary elements X k ∈ g 0 (k) and X l ∈ g 0 (l). In view of [X k , X l ] ∈ g 0 (k + l), we have ϕ([X k , X l ]) = (k + l)[X k , X l ]. On the other hand, the direct computation shows
Thus, we obtain ϕ([X k , X l ]) = [ϕ(X k ), X l ] + [X k , ϕ(X l )] for any k, l. Hence, ϕ is a derivation on g 0 . As g 0 is semisimple, any derivation is an inner automorphism on g 0 (cf. [9, Proposition 6.4 in Chapter II]). Hence, there exists Z ∈ g 0 uniquely such that ϕ = ad Z.
Next, let us show Z that lies in g 0 (0). For this, we write Z = m k=−m Z k along the Z-grading (4.11) (Z k ∈ g 0 (k)). Since [Z k , g 0 (l)] is contained in g 0 (k + l), the following inclusion holds for −m ≤ l ≤ m:
On the other hand, the definition ϕ| g 0 (l) = l id g 0 (l) implies ϕ(g 0 (l)) = g 0 (l). Then, [Z k , g 0 (l)] must be {0} for any l and k = 0. Thus, [Z k , g 0 ] = {0}, for k = 0. As g 0 is semisimple, we get Z k = 0 for k = 0. Consequently, Z = Z 0 ∈ g 0 (0). Definition 4.29. We say that the element Z ∈ g 0 satisfying Lemma 4.28 is the characteristic element of the Z-grading (4.11).
By Lemma 4.28, the subspace g 0 (k) is characterized by Z, namely, it is of the form: and also follows from [13, Lemma 1.4 ] that such θ are unique up to conjugation by inner automorphisms on g 0 (0). This implies θ(g 0 (k)) = g 0 (−k) for any k. In this sense, θ is called a grade-reversing Cartan involution associated with (4.11).
Definition 4.30. We call the pair (Z, θ) with (4.12) and (4.13) the associated pair of the Z-grading (4.11).
In this setting, we define σ Z by
Then, we have σ Z (X k ) = e π √ −1k X k = (−1) k X k for any X k ∈ g 0 (k). This shows that σ Z defines an involution on g 0 . Lemma 4.31. Let (Z, θ) be the associated pair of a Z-grading of g 0 . Then, the involution σ Z is commutes with θ. Hence, σ Z θ is an involution on g 0 commuting with θ.
Proof. It suffices to show Lemma 4.31 on each eigenspace g 0 (k) (k ∈ Z).
Let us give a Z-grading of g 0 by (4.11) which is characterized by Z. As θ(g 0 (k)) = g 0 (−k), we have σ Z θ(X k ) = (−1) −k θ(X k ) = (−1) k θ(X k ) = θσ Z (X k ), from which σ Z θ(X k ) = θσ Z (X k ) for any element X k ∈ g 0 (k). Hence, σ Z θ = θσ Z on g 0 .
The second statement is obvious from the first one.
Lemma 4.31 explains that (g 0 , σ Z θ; θ) is a non-compact semisimple symmetric pair equipped with a Cartan involution.
Definition 4.32 ([13, Proposition 2.1]). We say that a non-compact semisimple symmetric pair (g 0 , σ) is of type K ε if (and only if) there exists a Z-grading of g 0 and its associated pair (Z, θ) such that σ = σ Z θ.
Our equivalence relation ≡ on P preserves Definition 4.32. More precisely, we show:
Proof. Let us give a Z-grading (4.11) of g 0 and its associated pair (Z, θ) satisfying σ = σ Z θ. By Lemma 3.1, (g 0 , σ; θ) ∈ P c is equivalent to (g ′ 0 , σ ′ ; θ ′ ) for any Cartan involution θ ′ of g 0 commuting with σ ′ . We take a Lie algebra isomorphism ϕ : g → g ′ satisfying ϕθ = θ ′ ϕ and ϕσ = σ ′ ϕ.
We set g ′ 0 (k) := ϕ(g 0 (k)) for each k. Then, g ′ 0 is decomposed as (4.15) which defines a Z-grading of g ′ 0 . Moreover, Z ′ := ϕ(Z) is the characteristic element of (4.15) because X k ∈ g 0 (k) satisfies (ad ϕ(Z))ϕ(X k ) = ϕ((ad Z)X k ) = ϕ(kX k ) = kϕ(X k ). Further, the condition ϕθ = θ ′ ϕ implies θ ′ (Z ′ ) = ϕ(θ(Z)) = ϕ(−Z) = −Z ′ . Thus, θ ′ is a grade-reversing Cartan involution of g 0 and then (Z ′ , θ ′ ) is the associated pair of (4.15).
Finally, the commutativity σ ′ ϕ = ϕσ and σ = e π √ −1 ad Z θ show
Therefore, the non-compact semisimple symmetric pair (g ′ 0 , σ ′ ) is of type K ε .
The aim of this subsection is to clarify a certain class in commutative compact semisimple symmetric triads which corresponds to the class of non-compact semisimple symmetric pairs of type K ε via Theorem 3.6. Proof. For any X ∈ g 0 , we have e ad Y νe ad Y (X) = e ad Y e ad ν(Y ) ν(X) = e ad Y e − ad Y ν(X) = ν(X). Proposition 4.35. Let (g 0 , σ) be a non-compact semisimple symmetric pair of type K ε and (g, θ 1 , θ 2 ) = (g 0 , σ) * the corresponding commutative compact semisimple symmetric triad via Theorem 3.6. Then, there exists an element Y ∈ g such that
Proof. We take a Z-grading of g 0 and its associated pair (Z, θ) satisfying σ = σ Z θ. We set
Then, it follows from (4.14) that σ Z coincides with e ad(2Y ) . Here, the relation (4.13) means the element Z is contained in g −θ 0 , in particular,
Two involutions θ 1 and θ 2 form θ 1 = θ and θ 2 = σ = σ Z θ = e ad(2Y ) θ, respectively. By Lemma 4.34, e ad(2Y ) θ equals e ad Y θe − ad Y . Hence, we get θ 2 = e ad Y θ 1 e − ad Y . Our next concern is a commutative compact symmetric triad (g, θ 1 , θ 2 ) with the property (4.16) . For our argument below, we introduce a relation between two involutions by (4.16) . Namely, Definition 4.36. Two involutions θ 1 , θ 2 on g satisfy θ 1 ∼ θ 2 if the condition (4.16) holds for some Y ∈ g.
This relation defines an equivalence relation on the set of involutions on g. 4.7.3. Compact symmetric triad with (4.16) . In this subsection, we study commutative compact semisimple symmetric triads with property (4.16).
Let g be a compact semisimple Lie algebra and θ 1 an involution on g. We write g = k 1 + p 1 for the eigenspace decomposition with (+1)eigenspace k 1 = g θ 1 and (−1)-eigenspace p 1 = g −θ 1 . (
Proof. Lemma 4.37 is an immediate consequence of Lemma 4.34.
Let us denote by Int g the adjoint group of g, namely, the analytic subgroup of the general linear group GL(g) with Lie algebra ad g. As g is semisimple, we identify ad g with g. Since Int g is compact, we can write
Let G be Int g. For an arbitrary involution ν on g, we can lift ν to an involution on G via (4.17), which we use the same letter ν to denote. We set K 1 as the identity component of the fixed point set G θ 1 . Then, K 1 is a connected closed subgroup of G with Lie algebra k 1 . Let a 1 be a maximal abelian subspace in p 1 . It is well-known fact that we have a compact Lie group decomposition (see [9, Theorem 6.7 in Chapter V], for example)
We will fix a G-invariant inner product ·, · on g. We extend ad A ∈ ad g for any A ∈ g to a C-linear transformation on the complexified g C . This is diagonalizable and its eigenvalues are pure imaginary numbers. For λ ∈ a 1 , we write g C (a 1 : λ) := {X ∈ g C : (ad A)X = √ −1 λ, A X (∀A ∈ a 1 )} for the restricted root space with restricted root λ. We set
Then, Σ satisfies the axiom of root systems. In particular, if λ ∈ Σ then −λ ∈ Σ. Thus, g C is decomposed into the restricted root spaces as follows:
Here, we write z(a 1 ) = g C (a 1 : 0) for the centralizer of a 1 in g C . Now, let (g, θ 1 , θ 2 ) be a commutative compact semisimple symmetric triad with θ 1 ∼ θ 2 . We write θ 2 = e ad Y θ 1 e − ad Y for some Y ∈ g. Due to the decomposition (4.18), we can write e ad Y ∈ G as
By Lemma 4.37, the involution θ 2 forms
Hence, the commutativity θ 1 θ 2 = θ 2 θ 1 implies Lemma 4.38. e ad(2Z 1 ) = e − ad(2Z 1 ) . In particular, e ad(4Z 1 ) = id g .
Let us take λ ∈ Σ and 0 = X λ ∈ g C (a 1 : λ). By Lemma 4.38, we have
This means that e √ −1 λ,4Z 1 = 1, which obtains λ, 4Z 1 ∈ 2πZ. In view of this observation, we set
Therefore, we conclude: Proposition 4.39. Let (g, θ 1 , θ 2 ) be a commutative compact semisimple symmetric triad. If the relation θ 1 ∼ θ 2 holds, then there exists
Using Proposition 4.39, it turns out that: Proposition 4.40. Let (g, θ 1 , θ 2 ) be a commutative compact semisimple symmetric triad. If θ 1 ∼ θ 2 , then (g, θ 1 , θ 2 ) is self-dual.
Proof. By Proposition 4.39 and Lemma 2.8, we shall show (g, θ 1 , e ad Z 1 θ 1 e − ad Z 1 ) d ≡ (g, θ 1 , e ad Z 1 θ 1 e − ad Z 1 ) for Z 1 ∈ Γ. By Lemmas 4.37 and 4.38, the involution e ad Z 1 θ 1 e − ad Z 1 equals e ad Z 1 θ 1 e − ad Z 1 = e ad 2Z 1 θ 1 = e − ad 2Z 1 θ 1 = e − ad Z 1 θ 1 e ad Z 1 .
Then, we have
Hence, Proposition 4.40 has been proved. 4.7.4 . Dual of commutative compact symmetric triad with θ 1 ∼ θ 2 . The next theorem is a key for the study of the dual of a commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ) with θ 1 ∼ θ 2 . The following theorem is converse to Proposition 4.35.
Theorem 4.41. Let g be a compact semisimple Lie algebra, θ 1 an involution on g and Z 1 an element of Γ (see (4.22) ). For the commutative compact semisimple symmetric pair (g, θ 1 , e ad Z 1 θ 1 e − ad Z 1 ), the dual (g, θ 1 , e ad Z 1 θ 1 e − ad Z 1 ) * is of type K ε .
In order to prove Theorem 4.41, we begin with a general setup, based on [22] . For this, we keep the setting as in Section 4.7.3.
Let us take and fix Z 1 ∈ Γ. We choose a positive system Σ + of Σ characterized by Z 1 , namely, 
For each λ ∈ Σ, we define a subspace V (λ) in g by
coincides with the sum of two restricted root spaces g C (a 1 : λ) + g C (a 1 : −λ). On the other hand, the centralizer z(a 1 ) of a 1 in g C is of the form z(a 1 ) = (z k 1 (a 1 ) + a 1 ) C where z k 1 (a 1 ) denotes the centralizer of a 1 in k 1 . Thus, the restricted root space decomposition (4.19) of g C is the complexification of z k 1 (a 1 ) + a 1 + λ∈Σ + ⊔Σ 0 V (λ). Hence, we get a decomposition of g as follows: g = z k 1 (a 1 ) + a 1 + λ∈Σ + ⊔Σ 0 (k 1 (λ) + p 1 (λ)), (4.25) and the ones of k 1 and p 1 , respectively, as follows:
Next, we consider a linear transformation f λ on g for each λ ∈ Σ defined by
This induces a linear transformation on V (λ) = V (−λ). Indeed, the following equality holds for any A ∈ a 1 :
Hence, Lemma 4.42 has been verified.
This implies that f λ is regular on V (λ), and the inverse (f λ | V (λ) ) −1 of the restriction of f λ to V (λ) coincides with f −λ | V (λ) .
Here, the image f λ (k 1 (λ)) is contained in p 1 (λ) because for X ∈ k 1 (λ)
Similarly, we have f λ (p 1 (λ)) ⊂ k 1 (λ). Hence, f λ yields a linear isomorphism from k 1 (λ) to p 1 (λ). Now, we set d λ := dim k 1 (λ) = dim p 1 (λ). Let {S λ i : 1 ≤ i ≤ d λ } be an orthonormal basis of k 1 (λ). We set 
Proof. Let us verify (4.28). Suppose A ∈ a 1 satisfies λ, A = 0. Then, λ, A T λ i equals zero. On the other hand, we compute
Thus, we have (ad A)S λ i = 0, which coincides with λ, A T λ i . In a general case where A ∈ a 1 satisfies λ, A = 0, we put A ′ = A − λ, λ −1 λ, A λ ∈ a 1 . Then, we have λ, A ′ = 0. This relation explains (ad A ′ )S λ i = 0. Hence, we obtain
The equality (4.29) follows from
Therefore, Lemma 4.43 has been proved.
We are ready to give a proof of Theorem 4.41.
Proof of Theorem 4.41. We set (g 0 , σ; θ) = (g, θ 1 , e ad Z 1 θ 1 e − ad Z 1 ) * . By (3.3), we write g 0 = k 1 + √ −1p 1 , θ = θ 1 and σ = e ad Z 1 θ 1 e − ad Z 1 . By the observation of (4.25), g 0 is decomposed as follows
Using an element Z 1 ∈ Γ, we define Z ∈ √ −1a 1 by
Then, we will show that one can find a Z-grading of g 0 whose characteristic element is Z. Namely, g 0 is of the form g 0 = k∈Z g 0 (k) under g 0 (k) = {X ∈ g 0 : (ad Z)X = kX}. Now, we fix λ ∈ Σ + and take a basis of
Then, it follows from the relations (4.28) and (4.29) that for each i = 1, 2, . . . , d λ we have (4.22) ) and our choice of the positive system Σ + is characterized by Z 1 (see (4.23)), the number √ −1 λ, Z = 2π −1 λ, Z 1 is a positive integer. Hence, we get the following inclusion:
Consequently, the subspace g 0 (k) + g 0 (−k) for a positive integer k is decomposed into as follows:
Clearly, the eigenspace g 0 (0) with eigenvalue 0 coincides with z k 1 (a 1 ) + √ −1a 1 + λ∈Σ 0 (k 1 (λ) + √ −1p 1 (λ)). Therefore, it follows from (4.30) that
which is a Z-grading of g 0 characterized by Z.
As Z 1 ∈ a 1 , we have θ(Z) = −Z. Hence, θ is a grade-reversing Cartan involution of g 0 , from which (Z, θ) is the associated pair of the Z-grading (4.32).
Finally, combining Lemma 4.37 with (4.31), σ = e ad Z 1 θ 1 e − ad Z 1 = e ad(2Z 1 ) θ 1 = e π √ −1 ad Z θ = σ Z θ. Thus, (g 0 , σ) is of type K ε (see Definition 4.32).
As a result, Theorem 4.41 has been proved.
4.7.5.
A characterization of symmetric pair of type K ε . As a result, we establish a new characterization for a non-compact semisimple symmetric pair to be of type K ε by Theorem 3.6 as follows:
Theorem 4.44. Let (g 0 , σ) be a non-compact semisimple symmetric pair and (g, θ 1 , θ 2 ) := (g 0 , σ) * the corresponding commutative compact semisimple symmetric triad. Then, the following conditions are equivalent:
(i) (g 0 , σ) is of type K ε (see Definition 4.32).
(ii) θ 1 ∼ θ 2 (see Definition 4.36).
Proof. The implication (i) ⇒ (ii) is an immediate consequence of Proposition 4.35. Let us assume (g, θ 1 , θ 2 ) satisfies θ 1 ∼ θ 2 . By Proposition 4.39, there exists Z 1 ∈ Γ such that (g, θ 1 , θ 2 ) ≡ (g, θ 1 , e ad Z 1 θ 1 e − ad Z 1 ). Thanks to Theorem 4.41, the dual (g, θ 1 , e ad Z 1 θ 1 e − ad Z 1 ) * is of type K ε . As Lemma 4.33, (g 0 , σ) = (g, θ 1 , θ 2 ) * ≡ (g, θ 1 , e ad Z 1 θ 1 e − ad Z 1 ) * is of type K ε . Hence, the implication (ii) ⇒ (i) also holds. t XI 2p,n−2p for 0 < 2p < n. Here, I 2p,n−2p ∈ M(n, R) stands for the diagonal matrix given by (2.8) . Then, the fixed point set g σ 0 equals so(2p, n − 2p) (see (2.10) for realization).
We take an element Z of g 0 as
).
Then, the Lie algebra g 0 has a Z-grading of second kind. Let us choose a Cartan involution θ of g 0 commuting with σ as θ(X) = − t X (X ∈ g 0 ).
Clearly, θ is a grade-reversing Cartan involution, and then (Z, θ) is the associated pair of this Z-grading. Moreover, the direct computation shows σ = σ Z θ.
On the other hand, the commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ) corresponding to (g 0 , σ) via Theorem 3.6 is characterized as follows. The compact simple Lie algebra g is su(n) = {X ∈ M(n, C) : t X + X = O}, and the fixed point sets g θ 1 and g θ 2 are given by g θ 1 = {X ∈ su(n) : X = X} = so(n) and g θ 2 = {X ∈ su(n) : I 2p,n−2p XI 2p,n−2p = X}, respectively. Thus, we obtain g θ 1 ≃ g θ 2 via the Lie algebra isomorphism g θ 1 → g θ 2 , X → I 2p,n−2p XI 2p,n−2p . Furthermore, we have θ 2 = e ad Z 1 θ 1 e − ad Z 1 for Z 1 = π √ −1 2 Z. Hence, θ 1 ∼ θ 2 . Finally, we end this subsection by the following corollary. Proof. Let θ be a Cartan involution of g 0 commuting with σ and (g, θ 1 , θ 2 ) = (g 0 , σ) * the commutative compact semisimple symmetric triad corresponding to (g 0 , σ). It follows from Theorem 4.44 (or Proposition 4.35) that θ 1 ∼ θ 2 . By Proposition 4.40, (g, θ 1 , θ 2 ) d ≡ (g, θ 1 , θ 2 ). Using Proposition 3.12, we have (g 0 , σ; θ) d = (g 0 , σ; θ) * d * = (g, θ 1 , θ 2 ) d * ≡ (g, θ 1 , θ 2 ) * = (g 0 , σ; θ).
Hence, Corollary 4.46 has been proved.
As we have seen in Example 4.45, it happens that (g, θ 1 , θ 2 ) := (g 0 , σ; θ) * ≡ (g 0 , θ; θ) * = (g, θ 1 , θ 1 ) for any non-compact semisimple symmetric pair (g 0 , σ; θ) of type K ε . This fact exhibits the difficulty in specifying the dual of a commutative compact semisimple symmetric triad (g, θ 1 , θ 2 ). Then, we need to find a systematic description of (g, θ 1 , θ 2 ) * whether θ 1 ∼ θ 2 or not, which is an essential part of our method to classify pseudo-Riemannian simple symmetric pairs.
Loosely speaking, our method consists of two parts. One is that we shall give a characterization of commutative compact semisimple symmetric triads in terms of symmetric triads with multiplicities which has been introduced by the second author in [11] . The other is to determine the intersection g θ 1 ∩ g θ 2 from (g, θ 1 , θ 2 ) ∈ T. In fact, we will classify commutative compact simple symmetric triads up to the equivalence relation ≡. Then, we shall gain the classification of non-compact pseudo-Riemannian simple symmetric pairs as the dual of commutative compact simple symmetric triads, which provides an alternative proof of it due to Berger. The detail will be explained in the forthcoming paper [2] .
Appendix
This appendix concentrates on the notion of irreducible non-compact pseudo-Riemannian semisimple symmetric pairs. Throughout this section, let (g 0 , σ) be a non-compact semisimple symmetric pair and we set h 0 := g σ 0 , q 0 := g −σ 0 . We adopt the definition for (g 0 , σ) to be irreducible if Definition 4.1 holds, namely, (N1) there does not exist non-trivial σ-invariant ideals of g 0 . On the other hand, the reference [20, p.435] says that (g 0 , σ) is irreducible if (N2) the adjoint action of h 0 on q 0 is irreducible. We will compare two notions (N1) and (N2) for (g 0 , σ). First, we show that (N2) implies (N1) in Section 5.2. Second, we prove that the opposite is also true for Riemannian semisimple symmetric pairs in Section 5.3. Third, we provide a counterexample of the implication (N1) ⇒ (N2) in Section 5.4.
5.1.
Effective semisimple symmetric pair. The studies of (N1) and (N2) will be carried out under the setting that (g 0 , σ) is effective without loss of generality. Here is a brief summary on effective non-compact semisimple symmetric pairs. For this, we consider a homogeneous space of a Lie group as follows.
Let G be a Lie group and H a closed subgroup of G. The group G acts on G/H by the left transformation, namely, g · xH := (gx)H (g, x ∈ G). Then, the isotropy subgroup G xH = {g ∈ G : g · xH = xH} of G at xH ∈ G/H equals xHx −1 . We set S H := x∈G xHx −1 . Then, the G-action on G/H is called effective if S H coincides with {e}.
We observe that S H is a normal subgroup of G and is contained in H. On the other hand, an arbitrary normal subgroup N of G with N ⊂ H has to be also contained in S H . Indeed, this follows from N = xNx −1 ⊂ xHx −1 for any x ∈ G. Hence, the G-action on G/H to be effective if and only if any normal subgroup of G contained in H equals {e}.
In this context, the notion of effective non-compact semisimple symmetric pairs is a Lie algebra version of the notion of effective Lie group actions on homogeneous spaces. More precisely, we define: It is without loss of generality for the study on the relation between (N1) and (N2) that (g 0 , σ) is assumed to be effective.
5.2.
Implication from (N2) to (N1). We begin with a general setup for the consideration of the implication (N2) ⇒ (N1) as follows. We denote by B the Killing form of g 0 . For a subspace l 0 of g 0 , we write l ⊥ 0 := {X ∈ g 0 : B(X, Y ) = 0 (∀Y ∈ l 0 )} for the orthogonal complement of l 0 in g 0 with respect to B.
From now, we assume that l 0 is an ideal of g 0 .
Lemma 5.2. If l 0 is an ideal of g 0 , then [l 0 , l ⊥ 0 ] = {0}. Proof. We observe B(g 0 , [l 0 , l ⊥ 0 ]) = {0} because B(g 0 , [l 0 , l ⊥ 0 ]) = B([g 0 , l 0 ], l ⊥ 0 ) ⊂ B(l 0 , l ⊥ 0 ) = {0}. Since B is non-degenerate, we obtain [l 0 , l ⊥ 0 ] = {0}. The orthogonal complement l ⊥ 0 becomes an ideal of g 0 , and then so is b 0 := l 0 ∩ l ⊥ 0 . By Lemma 5.2, we obtain [b 0 , b 0 ] ⊂ [l 0 , l ⊥ 0 ] = {0}. Thus, b 0 is an abelian ideal. Let c 0 be a complementary subspace to b 0 in g 0 . For any X ∈ g 0 and A ∈ b 0 , the endomorphism ad A ad X on g 0 maps b 0 into {0} since b 0 is an abelian and c 0 into b 0 since b 0 is an ideal of g 0 . Then, we have B(b 0 , g 0 ) = Tr(ad b 0 ad g 0 ) = {0}. Hence, b 0 = l 0 ∩ l ⊥ 0 = {0}. Therefore, g 0 is decomposed into the direct sum of l 0 and l ⊥ 0 , namely, g 0 = l 0 + l ⊥ 0 (see [9, Proposition 6.1 in Chapter II]). Lemma 5.3. If l 0 is σ-invariant, then l ⊥ 0 is σ-invariant Proof. As σ(l 0 ) = l 0 , we have B(σ(l ⊥ 0 ), l 0 ) = B(l ⊥ 0 , σ(l 0 )) = B(l ⊥ 0 , l 0 ) = {0}. Hence, we have verified σ(l ⊥ 0 ) ⊂ l ⊥ 0 . Now, let (g 0 , σ) be an effective non-compact semisimple symmetric pair for which the condition (N1) does not hold. Then, we have: Proposition 5.4. Let (g 0 , σ) be an effective non-compact semisimple symmetric pair. If there exists a non-trivial σ-invariant ideal l 0 of g 0 , then q 0 ∩ l 0 is a non-trivial (ad h 0 )-invariant subspace of q 0 . Proof. Retain the notation as above. Since l 0 is σ-invariant, we write l 0 = h l 0 + q l 0 for the σ-eigenspace decomposition of l 0 with h l 0 = l σ 0 = h 0 ∩l 0 and q l 0 = l −σ 0 = q 0 ∩l 0 . On the other hand, l ⊥ 0 is also a σ-invariant ideal of g 0 (see Lemma 5.3). Then, l ⊥ 0 = h l ⊥ 0 + q l ⊥ 0 is a σ-eigenspace decomposition of l ⊥ 0 with h l ⊥ 0 = (l ⊥ 0 ) σ = h 0 ∩ l ⊥ 0 and q l ⊥ 0 = (l ⊥ 0 ) −σ = q 0 ∩ l ⊥ 0 . Using them, h 0 can be written as h 0 = h l 0 + h l ⊥ 0 and q 0 as q 0 = q l 0 + q l ⊥ 0 along the decomposition g 0 = l 0 + l ⊥ 0 . The subspace q l 0 of q 0 has to be non-zero. Indeed, if q l 0 = {0}, then the ideal l 0 = h l 0 is contained in h 0 . Since (g 0 , σ) is effective, l 0 equals {0}, which contradicts to l 0 = {0}.
Here, it follows from Lemma 5.2 that [h l ⊥ 0 , q l 0 ] ⊂ [l ⊥ 0 , l 0 ] = {0}. Combining it with the relation [h l 0 , q l 0 ] = [h 0 , q 0 ] ∩ l 0 ⊂ q 0 ∩ l 0 = q l 0 , we have shown [h 0 , q l 0 ] = [h l 0 , q l 0 ] + [h l ⊥ 0 , q l 0 ] ⊂ q l 0 . Hence, q l 0 is a (ad h 0 )invariant subspace of q 0 . Therefore, we get the implication (N2) ⇒ (N1) as a contraposition to Proposition 5.4.
Theorem 5.5 ((N2) ⇒ (N1)). Let (g 0 , σ) be an effective non-compact semisimple symmetric pair. If the h 0 -action on q 0 is irreducible then there does not exist non-trivial σ-invariant ideals of g 0 .
5.3.
Equivalence of (N1) and (N2) for Riemannian semisimple symmetric pair. In this subsection, we will treat a special case where (g 0 , σ) is a Riemannian semisimple symmetric pair, namely, σ is a Cartan involution θ of g 0 . Then, we shall replace h 0 by k 0 = g θ 0 and q 0 by p 0 = g −θ 0 . From now, let us consider the opposite implication (N1) ⇒ (N2) for (g 0 , θ).
Let p 1 = {0} be a (ad k 0 )-invariant subspace of p 0 . As θ| p 0 = − id p 0 , p 1 is θ-invariant. We write p 2 = {Y ∈ p 0 : B(Y, Y 1 ) = 0 (∀Y 1 ∈ p 1 )} for the orthogonal complement of p 1 in p 0 with respect to B. Since B| p 0 ×p 0 is positive definite, p 0 is decomposed into the direct sum of p 1 and p 2 , namely, p 0 = p 1 + p 2 and p 1 ∩ p 2 = {0}. Further, we have:
Proof. We recall that [k 0 , p 1 ] ⊂ p 1 and [p 1 , p 2 ] ⊂ [p 0 , p 0 ] ⊂ k 0 . For Y 1 ∈ p 1 and Y 2 ∈ p 2 , we have B(X, [Y 1 , Y 2 ]) = B([X, Y 1 ], Y 2 ) = 0 for any X ∈ k 0 . Since B| k 0 ×k 0 is negative definite, we obtain [Y 1 , Y 2 ] = 0.
We define a subspace l 0 = {0} of g 0 by l 0 := [p 1 , p 1 ] + p 1 . (5.1) Then, l 0 is θ-invariant because θ(l 0 ) = [θ(p 1 ), θ(p 1 )] + θ(p 1 ) = [p 1 , p 1 ] + p 1 = l 0 . Now, we show: Proposition 5.7. l 0 = [p 1 , p 1 ] + p 1 is an ideal of g 0 .
Proof. We write g 0 = k 0 + p 0 for the corresponding Cartan decomposition. According to the decomposition p 0 = p 1 + p 2 , we obtain g 0 = k 0 + p 1 + p 2 . Then, it is necessary to show following three relations:
First, the Jacobi identity shows [k 0 , [p 1 Hence, we conclude [g 0 , l 0 ] = [k 0 , l 0 ] + [p 1 , l 0 ] + [p 2 , l 0 ] ⊂ l 0 .
Therefore, we have proved Proposition 5.7.
Using the θ-invariant ideal l 0 given by (5.1), we prove: Proof. The necessary condition is a direct consequence of Theorem 5.5. Then, it suffices to show the sufficient condition. For a (ad k 0 )-invariant subspace p 1 = {0} in p 0 , the subspace l 0 = {0} defined by (5.1) is a θ-invariant ideal of g 0 (see Proposition 5.7). If there does not exist non-trivial σ-invariant ideals of g 0 , then l 0 must to be g 0 . Thus, we get [p 1 , p 1 ] + p 1 = k 0 + p 0 . This implies p 1 = p 0 . Hence, the adjoint k 0 -action on p 0 is irreducible.
5.4.
The implication (N1) ⇒ (N2) for pseudo-Riemannian symmetric pair. Finally, we give an example of non-compact pseudo-Riemannian semisimple symmetric pairs which satisfy (N1) but do not satisfy (N2).
Example 5.9. Let m, n be positive integers. We take a non-compact real semisimple Lie algebra g 0 as sl(m + n, R) = {X ∈ M(m + n, R) : tr X = 0} and an involution σ on g 0 as σ(X) = I m,n XI m,n (X ∈ g 0 ) where I m,n is defined by (2.8). Then, (g 0 , σ) is a non-compact pseudo-Riemannian semisimple symmetric pair, in particular, σ is not a Cartan involution of g 0 . Since g 0 is simple, (g 0 , σ) satisfies (N1).
On the other hand, the fixed point set h 0 = g σ 0 is of the form Here, we take two subspaces q 1 , q 2 of q 0 as
Then, they are (ad h 0 )-invariant, and then q 0 is decomposed into two (ad h 0 )-invariant subspaces as q 0 = q 1 +q 2 . Hence, the adjoint h 0 -action on q 0 is not irreducible, from which (N2) does not hold.
As mentioned in Section 4.1, any non-compact semisimple symmetric pair (g 0 , σ) can be decomposed into the direct sum (g 0 , σ) = (l (1) 0 , σ 1 ) ⊕ · · · ⊕ (l (k) 0 , σ k ) of non-compact semisimple symmetric pairs (l (1) 0 , σ 1 ), . . . , (l (k) 0 , σ k ) which satisfy (N1). On the other hand, even though the adjoint h 0 -action on q 0 is not irreducible, (g 0 , σ) does not always have a non-trivial σ-invariant ideal (see Example 5.9) . In this context, Definition 4.1 (that is, (N1)) would be appropriate to a definition for a non-compact semisimple symmetric pair to be irreducible.
